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Partly Linear Logistic Regression

As discussed in Chapter 1 and Chapter 4, the observed data are n
independent realizations of the random triplet (Y, Z,U), where Z € RP
and U € R are covariates which are not linearly dependent, Y is a
dichotomous outcome with conditional expectation v[3' Z + 1(U)],

B € RP, Z is restricted to a bounded set, U € [0,1], v(t) = 1/(1 +¢e7!),
and where 7 is an unknown smooth function. Hereafter, for simplicity, we
will also assume that p = 1. We further assume , for some integer k > 1,
that the first k— 1 derlvatives of n exist and are absolutely continuous
with J2(n fo )]?dt < .
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Partly Linear Logistic Regression

To estimate 3 and 7 based on an i.i.d. sample
X;=(Y;,Z;,U;),i =1,....,n, we can use the following penalized
log-likelihood:

Ln(B,m) =n" ZIngﬂn i) = AL (n),

where the conditional density at Y = y given the covariates
(Z,U) = (z,u) has the form

paa(x) = {v[Bz + n(w)]}{1 - v[Bz + ()]}

and \, is chosen to satisfy A, = op(n~'/4) and A1 = Op(nk/(Zk+1)),
Denote 3, and fin to be the maximizers of L, (8, ) let Pg,, denote
expectation under the model, and let By and 79 to be the true values of
the parameters.
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Partly Linear Logistic Regression

Now we want to prove that both 3n and 7, are uniformly consistent.
First, Theorem 9.21 readily implies, after some rescaling of H., that

log Njj(€, He, Lo(P)) < Me V¥, 15.1
[

for all € > 0, where M only depends on ¢ and P. This readily yields that
H. is Donsker.

Define 6 = (3, 7), and let £5(x) = ywp(x) — log(1 + e~¢(*)) and
wo(z) = 28 + n(u).

Theorem 15.1
Under the given assumptions, J(7},) = Op(1) and

lwg, (X) — woo (X)|[ P2 = Op(n~/GE+1). (15.2)
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Proof of Theorem 15.1

Proof

We first need to establish a fairly precise bound on the bracketing entropy
of

_ [ lo(X) — Ly, (X)
G={ L+ 7(n)

18 = ol < 1, In = molloe < 1, T(n) < o0 .

which satisfies G C G; + G2(G1), where

G — {we(X) — wy (X)

2o — < — o < c1, ,
a0 18— Bl < el = mlle < €1, T ) < oo}

G- consists of all functions ¢t — a1 log(1 4+ eat) with a > 1, and

G2(G1) ={92(91) : 91 € G1,92 € Ga}.
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Proof of Theorem 15.1

Proof (cont).

By (15.1) combined with the properties of bracketing entropy and the fact
that J(np) is a finite constant, it is not hard to verify that there exists an
My < oo such that log Njj(e, G1, La(P)) < Moye /%, Now by Exercise
15.6.1 combined with Lemma 15.2 below, we obtain that there exists a
K1 < oo such that log Njj(e, G2(G1), L2(P)) < Kye Yk for every e > 0.
Combining this with preservation properties of bracketing entropy (see
Lemma 9.25), we obtain that there exists an M; < oo such that

log Nj(€,G, La(P)) < Mye V/* for all e > 0.
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Proof of Theorem 15.1

Proof (cont).
Combining previous result with Theorem 15.3 below, we obtain that

(B — P) (4, (X) = £, (X))| = Op(n~2(1+ J (7))

[l O ] sy

Now note that by a simple Taylor expansion and the boundedness
constraints on the parameters, there exists a ¢; > 0 and a ¢z < 0o such
that

P(t5, (X) = gy (X)) < —c1Plwg, (X) — we, (X))?

and

ls, (X) = Loy (X)| < e2|wy (X) — wao (X)],

almost surely.
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Proof of Theorem 15.1

Proof (cont).

Combining this with (15.3) and a simple Taylor expansion, we can readily
establish that

AL (1) < A2T*(no) + (P — P)(£; (X) — £g,(X))
+ Pl (X) — Lo, (X))
< 0p(A2) + Op(nY2(1 + J()))
Wy, (X) — wpy (X) 1-1/(2k)
X [H ‘ 1+ J(n) Hm Y
— clP[wén (X) — way (X)]?,

n—(2k—1)/[2(2k+1)]]
from which we can deduce that both

Xinjie Qian Case Study September 30, 2021 9/25



Proof of Theorem 15.1

Proof (cont).

T (71n) -
2N 0n(1) + Op(n2k—1D/2(2k+1)]
1+ J(7) p(1) 4+ Op(n )

. [Hwén (X) — way(X) Hl—l/(%) (2122

1+ J (M) P2

and

Hwén(X) —wgo(X)Hz

1+ J(1n) P2

= 0p(A2) +Op(n~1/?)

y [H wg, (X)) — wey (X) Hl—l/(Zk) y n‘(Qk‘l)/[Q(%“)]] ‘

14+ J(1) P2
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Proof of Theorem 15.1

Proof (cont).
Letting A,, = n¥/Gk+1D (1 4 J(ﬁn))_lﬂwén (X) — wpy (X)| P2, we obtain

from (15.5) that A2 = Op(1) + Op(l)AiL_l/(%). Solving this yields
A, = Op(1), which implies

lw, (X) — woy (X) [ P2
L+ J(i}n)

= Op (n—k/(2k+1))'

Applying this to (15.4) now vyields J(7,) = Op(1), which implies
|wg (X) — wae (X) |2 = Op(n=F/(k+1)) "and the proof is complete.
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Partly Linear Logistic Regression

We now use (15.2) to obtain that both Bn and 7, are uniformly consistent
and optimality of the Lo convergence rate of 7j,,.

Recall that hi(u) = E[Z|U = u] and that P[Z — hy(U)]? > 0 by
assumption. Since E[(Z — h1(U))g(U)] = 0 for all g € Ly(U), (15.2)
implies |3, — Bo| = Op(n~*/(k+1)) and thus j3, is consistent. These
results now imply that P[,(U) — no(U)]? = Op(n~2#/(2k+1)) and thus
we have Lo optimality of 7),, because of the assumptions on the density of
U. Uniform consistency of 7),, now follows form the fact that

J(Mn) = Op(1) forces u — 7, (u) to be uniformly equicontinuous in
probability.
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Partly Linear Logistic Regression

Lemma 15.2

For a probability measure P, let F; be a class of measurable functions
f: X — R, and let 7> denote a class of nondecreasing functions

fo : R+ [0, 1] that are measurable for every probability measure. Then,

log Ny (€, F2(F1), L2(P)) < 2log Nyj(e/3, F1, L2(P))
+ Sgp IOg NH (6/3a f27 LQ(Q))’

for all € > 0, where the supremum is over all probability measures Q).
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Proof of Lemma 15.2

Proof.

Fix € > 0, and let {[fx, k], 1 < k < ni} ba a minimal Ly(P) bracketing
€/3-cover for F1, where f is the lower- and gy, is the upper-boundary
function for the bracket. For each fj, construct a minimal La(Q 1)
bracketing €/3-cover for Fi(fi(x)), where Q1 is the distribution of
fe(X). Let ng = supg log Njj(e/3, F2, L2(Q)), and choose a
corresponding minimal cover {[fk 1,9k j1],! < j < no}. Construct a
similar cover {[fk 2,9k j2],! < j < na} for each Fi(gr(x)),1 <k <ny.
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Proof of Lemma 15.2

Proof (cont).
Let h1 € F1 and hg € F; be arbitrary; let [fx, gi| be the bracket
containing hi; let [fi 1,9k ;1] be the bracket containing ha(fx); and let

[fk.j,2> 9k.j,2] be the bracket containing ha(gk). Then [fy j1(fx), 9k.j2(9k)]
is an Lo(P) e-bracket which satisfies

frg1(fr) < ha(fr) < ha(h1) < ha(gr) < grj2(gk). Thus, since f1 and fo
were arbitrary, the number of Lo(P) e-brackets needed to completely cover
Fa(F1) is bounded by

Nﬁ(€/3,f1,L2(P)) X S‘éPN[](G/?’,fz,Lz(Q)),

and the desired result follows.
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Partly Linear Logistic Regression

Theorem 15.3

Let F be a uniformly bounded class of measurable functions such that for
some measurable fo, supser [|f — folloo < 00. Moreover, assume that
log Njj(e, F, La(P)) < K1e~“ for some Ky < oo and « € (0,2) and for all
€ > 0. Then

(P — P)(f — fo)l B iy
jer If = follps™/? v —(2—a)/[2(2+a)]}_0P(n )-

Note: This is a result presented on Page 79 of van de Geer (2000).
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Testing for a Change-point

Recall the change-point model example of Section 14.5.1 and consider
testing the null hypothesis Hy : a = 8. Under this null, the change-point
parameter ( is not identifiable, and thus 6 is not consistent. This means
that testing Hy is an important concern, since it is unlikely we would know
in advance whether Hy were true. The statistic we propose using is

T = supeefa,p)|Un(C)|, where

A~

0= nE(¢)(1 = F(Q)) <2?1 HZ <Y Y 1z < g}m)

On

Un

~

nF, () n(1— F,(Q))

62=n"tY" (Vi —a,1{Z < (o} — Bnl{Z; > (,})2, and where
E,(t) =P, 1{Z < t}.
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Testing for a Change-point

We will study the asymptotic limiting behavior of this statistic under the
sequence of contiguous alternative hypotheses Hy,, : 5 = a+ n//n,
where the distribution of Z and € does not change with n. Thus
Yi=e+ap+ (U/\/ﬁ)l{zi > C()},i =1,..,n.

We will first show that under Hy,,

Un(¢) = ao(¢) Bn(¢) + 10(¢) + ra(C), (15.6)

where ao(¢) =o'\ /F()(1 — F(()), F(¢) = P1{Z < (},
By (¢) = YBal{G<Z<Cd _ VnPa[L{Z>CVeo}d]

e F(Q) =FQ)
(€)= mao©) (A= - )

P
and supceqp 70 (C)] = 0.
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Testing for a Change-point

The first step is to note that £}, is uniformly consistent on [a, b] for F and

that both infecf,p) F/(¢) > 0 and infecpq (1 — F(¢)) > 0. Since

n/v/n — 0, we also have that both

> HZi < }Ys Yo HZi > (}Y;
i Wz <G > HZi = ¢}

are uniformly consistent, over ¢ € [a,b]. Since = [a, b] with probability 1

V() = and W,(¢) =

by assumption, we have 62 % o2 even though ¢, may not be consistent.
Now the fact that both F; = {1{Z < (} : ¢ € [a,b]} and

Fo={1{Z > (}: ¢ € [a,b]} are Donsker yields the final conclusion, after
some simple calculations.
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Testing for a Change-point

Reapplying the fact that F; and F> are Donsker yields that
ag(C)Bn(C) ~ Bp(C) in £2°([a, b]), where By is a tight, mean zero
Gaussian process with covariance

_ PG NG —F(C V()
Hole, ) = \/ F(GV G)(1 = F(G A G)

Thus, from (15.6), we have the U,, ~ By + 1y, it is easy to verify that
v0(Co) # 0. Hence, if we use critical values based on By, the statistic 7},
will asymptotically have the correct size under Hy as well as have
arbitrarily large power under Hy, as |n| gets larger.
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Testing for a Change-point

Thus what we need now is a computationally easy method for obtaining
the critical values of sup¢¢(q4) [Bo(C)[. Define

HZ<q z>0)
)= VRO REO(E 5P - 150 )

and consider the weighted “bootstrap” B, (¢) =n~ Y231 | A%(()w;,
where wq, ...,wy, are i.i.d. standard normals independent of the data. The
continuous mapping theorem applied to the following lemma verifies that

this bootstrap will satisfy supcciq 4 1Bn(C)| 4 SUP¢efa,p) [Bo(C)] and thus
b w b
can be used to obtain the needed critical values:
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Testing for a Change-point

Lemma 15.4
By, % By in ([a, b)).

Proof

Let G be the class of nondecreasing functions G : [a, b] — [ag, bo] of C,
where ag = F'(a)/2 and by = 1/2 + F(b)/2, and note that by the uniform
consistency of F,, F,, € G with probability arbitrarily close to 1 for all n
large enough. Also note that

z<¢g UZ>(
G(<) 1-G(Q)

is Donsker, since {aF : a € K} is Donsker for any compact K C R and
any Donsker class F.

{Vea=aw( ):¢elob],G g}

Xinjie Qian Case Study September 30, 2021 22/25



Proof of Lemma 15.4

Proof (cont).

Thus by the multiplier central limit theorem, Theorem 10.1, we have that
B,, converges weakly to a tight Gaussian process unconditionally. Thus we
know that B, is asymptotically tight conditionally, i.e., we know that

P( sup 1Ba(G) = Ba(G2) > 7| X1, X ) = 0p (1),
C1,62€a,b]:[¢1—C2]<dn

for all 7 > 0 and all sequences 6,, | 0. All we need to verify now is that
the finite dimensional distributions of ,, converge to the appropriate
limiting multivariate normal distributions conditionally.
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Proof of Lemma 15.4

Proof (cont).

Since wq, ...,wy are i.i.d. standard normal, it is easy to see that B, is
conditionally a Gaussian process with mean zero and, after some algebra
(see Exercise 15.6.8), with covariance

IjIn(ChCQ) = \/Fn(CI /\CQ)(liﬁn(C1VC2)) (157)

Fo(GiV @)1= Fu(Ci AG)

Since H,, can easily be shown to converge to Ho(¢1,C2) uniformly over
[a,b] x [a,b], the proof is complete.
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Testing for a Change-point

We note that the problem of testing a null hypothesis under which some of
the parameters are no longer identifiable is quite challenging, especially
when infinite-dimensional parameters are present. An example of the latter
setting is in transformation regressionmodels with a change-point (Kosorok
and Song, 2007). Obtaining the critical value of the appropriate statistic
for these models is much more difficult than it is for the simple example
we have presented in this section.
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