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Overview

@ Score Functions and Estimating Equations
@ Example: Semiparametric regression model
@ Example: The Cox Model for Right-Censored Data
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Efficient score function

@ Semiparametric model {Py, : 6 € ©,1 € H}, where © is an open
subset of R and H is an arbitrary set that may be infinite
dimensional.

o Parameter of interest: ¢ (Py,) = 0.

@ Tangent sets can be used to develop an efficient estimator for
¥ (Py,,) = 0 through the formation of an efficient score function.

o Consider submodels of the form {Py ;s p,,t € Ne} that are
differentiable in quadratic mean with score function

dlog dPyitan/ (9t),—o = a'loy + &

°a € R¥
o Uy, : X — R¥ is the ordinary score for 6 when 7 is fixed

e g: X — Ris an element of a tangent set P,(gz)n for the submodel
Py = { Py, : m € H} (holding 6 fixed).
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Efficient score function

@ The tangent set for the full model is
. . ' P .
PP&,n = {a’fgw +g:acR g¢c P"(DZ?n}
® ¢ (Ppstay,) = 0 + tais clearly differentiable with respect to t:

8¢ (P()tha,nt)
ot

= a

t=0

@ The efficient influence function 159777 . X — RX satisfies:
a="P [129,,7 (./97773 + g)} (1)

@ Settinga=0, wesee 0 =P [&g’ng}, 159,77 must be uncorrelated with

all of the elements of 75,(372)".
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Efficient score function

@ Define Iy, to be the orthogonal projection onto the closed linear
span of P& in L9 (Po.sy).-

Po.n

e Forany he L3(Py,), h=h—Tg,h+Mg,h, where My, h € 7.31(32)77
but P[(h—My,,h) g] =0 for all g € P

@ The efficient score function for 6 is ng = Zg,n - ngmégm, while the
Vi

efficient information matrix for 6 is 797,7 =P [Eem 0.0
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Efficient influence function

o Provided that Iy, is nonsingular, the function ¢y, = I;_;ng satisfies
k 5(1)
(1) for all ae R* and all g € szm.

@ Thus the functional (parameter) 1) (Py, ) = 0 is differentiable at Py,
relative to the tangent set Pp, , with efficient influence function ¢y ,,.

@ Hence the search for an efficient estimator of 6 is over if one can find
an estimator T, satisfying

Vn (T, —0) = /nPyiy,, + op(1).
~ . . /
o Note that Jy, = lp, — P [newea,n (Mol ) ] . where

lo = P lonty.,.
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Figure: Score and influence function projections (Bickel et al., 1993)

An intuitive justification for the form of the efficient score is that some
information for estimating 6 is lost due to a lack of knowledge about 7.
The amount subtracted off of the efficient score, I'Igmé@m, is the minimum
possible amount for regular estimators when 7 is unknown.
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Model

Name Notation P Py(ng)
Efficient score Ii(-,Plv, +) I =1, -1, i
Information IPlv, <) ENNT = Iy —Tp050 I,

=1y
Efficient L(:.Plv, ) L = 1“1 +1121 I,
influence = Ij 1211

function Il 11 ~IiiIgl,
Information I@lv, ) ™M =nl, i
bound = I+ I3 I i)

Figure: Efficient score functions, efficient influence functions, information, and
inverse information for the two models P and Py (19). (Bickel et al., 1993)
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Example: Semiparametric regression model

@ Semiparametric regression model: Y = /'Z + e

o Ele| Z]=0and E [¢? | Z] < K < oo almost surely

e We observe (Y, Z), with the joint density n of (e, Z) satisfying
Jz en(e, Z)de = 0 almost surely.

@ Assume 7 has partial derivative with respect to the first argument, 7,
satisfying 71/n € L2 (Ps,), and hence 71 /n € L3 (Ps.,), where Pg,, is
the joint distribution of (Y, Z).

@ The Euclidean parameter of interest is 8 = 3.

@ The score for 3, assuming 7 is known, is
lgn=—Z(m/n)(Y-B22),

where we use the shorthand (f/g)(u,v) = f(u,v)/g(u, v) for ratios
of functions.

Yangjianchen Xu (Department of BiostatisticEfficient inference for finite-dimensional paran 11/04/2021



Example: Semiparametric regression model

@ The tangent set 7-722)" for 1 is the subset of L3 (Ps,,) which consists
of all functions g(e, Z) € L3 (Ps,,) which satisfy

Eleg(e.2) | Z] = fR eg(e, Z)n(e, Z)de 0

Jr (e, Z)de

almost surely.
@ One can also show that this set is the orthocomplement in L9 (Ps.y)
of all functions of the form ef(Z), where f satisfies Pg,f?(Z) < oc.
@ Thus gﬁm = -TNgy) lf,gm is the projection in L3 (Pg,,) of
—Z (m/n) (e, Z) onto {ef(Z) : Pg,f3(Z) < co}.
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Example: Semiparametric regression model

@ Thus

—Ze [pin(e,Z)ede  Ze(-1)  Z(Y-p'2)
Psyle? | Z] a Pﬁ’n[eHZ]_ Ps (€2 | Z]

ZB7T](Y7 Z) =

@ The second-to-last step follows from the identity [, 71(e, Z) ede =
9 [ n(te, Z)de/ (0t),_y

@ When the function z — Pg,, [e? | Z = z] is non-constant in
z,05,(Y,Z) is not proportional to Z (Y — 3'Z).

o Computation of the efficient estimator requires estimation of the
function z — E [e? | Z = z].
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Score and information operators

@ Two very useful tools for computing efficient scores are score and
information operators.

@ Sometimes it is easier to represent an element g in 75,(;,7;)77, as By b,
where b is an element of another set H,, and By, is an operator

satisfying 7.3’(3?77 = {By,b: beH,}.

o The adjoint of the score operator By, : H,, — L3 (Py,,) is another
operator By L9 (Py ;) — linH,, which is similar in spirit to a
transpose for matrices and satisfies

(Bonb: h)ig(py ) = (b Bo yh) iz,

for all b € H,, and h € L3(Py,,).
o If B(;"mBg,?7 has an inverse, then it can be shown that the efficient

- -1 ,
score for 6 has the form /g, = <I — By [Bg,nBGm] 85‘777) Loy
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Example: Cox model for right-censored data

@ We observe a sample of n realizations of X = (V, d, Z), where
V=TAC,d=1{V =T}, Z € R¥ is a covariate vector, T is a
failure time, and C is a censoring time.

T and C are independent given Z.

T given Z has integrated hazard function e?ZA(t) for 3 in an open

subset B C R and A is continuous and monotone increasing with

A0)=0

@ The censoring distribution does not depend on 3 or A (i.e., censoring
is uninformative).

@ The counting and at-risk processes: N(t) = 1{V < t}d and Y (t) =
HV >t}

e Martingale: M(t) — [ Y(s)e?ZdN(s).

@ Forsome 0 < 7 < 00 W|th P{C 2 7} >0, let H be the set of all A'’s

satisfying our criteria with A(7) < oo.
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Example: Cox model for right-censored data

@ Now the set of models P is indexed by 3 € B and A € H. Let Pg A be
the distribution of (V, d, Z) corresponding to the given parameters.

@ The likelihood for a single observation is thus proportional to

psa(X) = ["2A(V)] exp [ ZA(V)]

o Let L2(A) be the set of measurable functions b : [0, 7] — R with
Jo B*(s)dA(s) < .

o If b€ Ly(A) is bounded, then A(s) = [; e®(WdA(u) € H for all t.
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Example: Cox model for right-censored data

We calculate
log P,8+ta,/\t(X) =d {lOg{e(’BHa)/Z)\t(V)}] - e(B—Ha),Z/\t(V)
=d [(5 +ta)'Z + tb(V) + Iog{)\(V)}]

v
_ e(,3+ta)’2/ etb(u)d/\(u)
0

and
9 /
— log pgran.(X) = d [a'Z + b(V)]

ot
v
_a/Ze(ﬁ+ta)’Z/ () gA (1)
0

v
_ e(ﬁ-i—ta)’Z / b( u)etb(u)d/\(u)
0
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Example: Cox model for right-censored data

Thus,

0
t log pg-+tan (X) [e=0 = d [a’Z + b( V)]

_GYJYny-JYAVm@mw@

:/WHZ+MﬂdM@
0

o The score function for /3 is therefore {5 A(X) = ZM(7).
@ The score function for A'is [ b(s)dM(s).

@ In fact, one can show that there exists one-dimensional submodels A;
such that log nga A, is differentiable with score
dlgA(X) + [y b(s)dM(s), for any b € Lo(A) and a € R¥.
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Example: Cox model for right-censored data

@ The score operator Bga : La(A) — L3 (Ps ) is given by
Ban(b) = [ bls)aM(s)

which generates the tangent set for /\’751(3/;)/\ = {Bgab:be Lr(N)}.

@ It can be shown that this tangent space spans all square-integrable
score functions for A generated by parametric submodels.

o The adjoint operator Bj 5 : L2 (Pga) — L2o(A\) satisfies
<Bﬁvl\b’ h>L2(P5’/\) = <b? B,;Jk’,/\h>L2(/\)'

o LHS = Pga [h(X) [ b(s)dM(s)] = [y b(s)Pa [A(X)dM(s)]
o We have B \(h)(t) = Pg a[h(X)dM(t)]/dA(t).
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Example: Cox model for right-censored data

The information operator B yBga : Lo(A) — La(A) is thus

5iBaa(o)e) = AL EEEON b [y ot

using martingale methods. Similarly, B » (ég,/\) (t) = Psa [ZY(t)eﬁ’z]
Then, the efficient score for 3 is

~ * -1 5% )
Ton= (1~ Bon [BinBonl " Bia) fon

; PsA [ZY(t)eBIZ}
_ / 7_ ,
0 PsalY(t)e? ]

dM(t).
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Example: Cox model for right-censored data

@ When INB,A = PgA [1757/\!7’5 /\] is positive definite, the resulting efficient
influence function is 1/;5’/\ = I;T/I\Zg/\

@ Since the estimator B,, obtained from maximizing the partial likelihood

d.
. n ef' ’
L8) =11 (Z’.'_l 1{V; > Vi} eﬁ’Zj)

i=1 J

can be shown to satisfy \/n (Bn — 5) = ﬁ]P’,,z/NJB,/\ + op(1), this
estimator is efficient.
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Score and information operators

@ With semiparametric models having score functions of the form
a’ég,,7 + By,yb, for a € R and b € H,;, we can define a new operator
Asn(a, b) = a'lg,, + By,b.

@ More generally, we can define the score operator
Ay o linH, — Ly (P,) for the model {P,, : n € H}, where H indexes
the entire model and may include both parametric and nonparametric
components, and where lin I, indexes directions in H.

o Let the parameter of interest be v (P,) = x(n) € RX. We assume
there exists a linear operator x : lin H;, R¥ such that, for every
b € linH,, there exists a one-dimensional submodel
{Py. :m: € H, t € N} satisfying

/

as ¢ 1.0, and Ox (me) / (91)],_o = X(b).

1/2 _ 1/2
(d'D?h) . (dPU) _ %Anb(dpn)l/z N 0
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Score and information operators

o If we can find X, € H, satisfies (X, b), = x;(b) for all b € Hy, then

the efficient influence function is the solution 1/~Jpn € R(A)) C LS(Py)
of

A:}ZZPn = f(n- (2)
® 0X (1) (9D)lemo = () = (Aiile,. b) = (Vp, Aub), .

e When A} A, is invertible, then the solution to (2) can be written as

Lan = Ay (A;;An)_l Xn-
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Example: Cox model for right-censored data

N ~o1—1
e Consider the estimator for A is A(t) = fot [IP’,,Y(s)eB Z} P,dN(s).

@ We can show that

Vi [A()) = Ao(t)] =V (B — P) /O Im

Vi (5= n) [ E(s.0) dhals) + on()

P[2Y(1)e'?]

where the remainder term is uniform in t and E(t, ) = PV
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Example: Cox model for right-censored data

By previous arguments,

Vil = 6o) =V (50) By [ 12~ E (s, 50) M () + 0p()

where N o
V(B) = ls.n = Ps [@3,/\%,/\] :

Thus A is asymptotically linear with influence function

7 _ ‘ dMﬁo(s)
¥(t) —/0 PY(s)e%?]

[z v v ) [ € s anals)
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Example: Cox model for right-censored data

@ We will now use the previous methods to verify that ¢)(u) is the
efficient influence function for the parameter A(u), for each u € [0, 7].

@ The tangent space for the Cox model (for both parameters together)
is {A(a,b) = [y [Z'a+ b(s)] dMs(s) : (a, b) € H}, where
H =Rk x Ly(N).

@ The natural inner product for pairs of elements in H is
((a,b),(c,d))n = a'b+ [ c(s)d(s)dA(s), for (a, b),(c,d) € H.

@ Hence the adjoint of A, A%, satisfies (A(a, b),g)p,, = ((a,b), A"g)y
for all (a,b) € H and all g € L3 (Psp).

@ It can be shown that

A*g = (Pan [ Jy ZdMg(s)g] . Pa.a [dMa(t)g] /dNo(t)) satisfies these
equations and is thus the adjoint of A.
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Example: Cox model for right-censored data

o We showed that Ai(u) = [y e®PSdA(s) = ['(1+ th(s))dA(s) + o(t).
@ Thus, for the parameter x (Pga) = A(u),

Ox(P)/ (00)]o = | " b(s)dA(s).

@ Thus (¥, (a,b))n = [ b(s)dA(s) and therefore
X = (0,1{s < v}) € H (s is the function argument here).

@ Our proof will be complete if we can show that A*¢) = ¥, since this
would imply that ¢(u) is the efficient influence function for A(u).
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Example: Cox model for right-censored data

o First,

P [/OT ZdMB(s)vf)(u)] = Psa {/OT ZdMj(s) /OUIWE)SLW]}

~ Pon { | zamo) [1z - E(s,ﬁ)l’dMﬁ(s)}
v i(s) [ EGs.5)ans)
- [ Es.0)90E) - vV ) /0 " E(s, B)dA(s)

0
=0
@ Second, it is not difficult to verify that

Pa.a [dMg(s)@Z(u)] = 1{s < u}dA(s), and thus we obtain the desired
result.
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Estimating equation

@ Returning to the semiparametric model setting, where
P ={Py, :0 € ©,nc H}, the efficient score can be used to derive
estimating equations for computing efficient estimators of 6.

@ An estimating equation is a data dependent function W, : © — R
for which an approximate zero yields a Z-estimator for 6.

e When W ,(f) has the form Pnfé . Where @gn (X | X1,...,Xp) is a
function for the generic observation X which depends on the value of
0 and the sample data Xi, ..., X,, we have the following estimating
equation result.
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Estimating equation

Theorem (3.1)

Suppose that the model {Py,, : 0 € ©}, where © C R, is differentiable in
quadratic mean with respect to 0 at (6,7m) and let the efficient information
matrix Iy, be nonsingular. Let @, satisfy \/nP, E = op(1) and be
consistent for 0. Also assume that E ;. is contamed in a Py ,-Donsker
class with probability tending to 1 and that the following conditions hold:

Pa,olinn = op (072 + 180 - 0])) 3)
. T .2
Po. ‘ By - ZQ,UH o, P, Heémn — 0p(1) (4)

Then 8, is asymptotically efficient at (6,7).
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Estimating equation

Proof. Define F to be the Py, -Donsker class of functions that contains

both lﬁémn and 579,,7 with probability tending towards 1 . By Condition (4),
we now have

G”é\én,n = Gngg,n + Op(].) = ﬁ]}»nggm + Op(l)
Combining this with the "no-bias” Condition (3), we obtain
VI (i, = Pon) B3, = 0p (14 /0|00 = 6]|) + Galy,,

= V/nPuly.,, + op (1 + ﬁ’

0, —0

If we can show

Vi (Po,y = Pon) by, 0= (lon + 0p(D) Vi (Ba=0) . (5)

then the proof will be complete.
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Estimating equation

Since /9 n = Pg 77£9,77€0 '

Nz (P@n .~ Ps n) — Jp/n (0 — 9)
—/n (Pénm ~ Poy) by, 0 = Pom Tonll s /0 (02— 0)
_J/n / 5, (P12 + dP?)

« [(dPg/ 2 _ dPQ{Cf) 1 (é,, - Q)IégmdPG% 2]

n,n

[ o (9Pl = aPi7) Sisarlly v (0 0)
+ / (Ean,n—ie,,,) by, dPg.v/n (gn_9>

=A,+ B, + C,
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Estimating equation

Combining the assumed differentiability in quadratic mean with Condition
(4), we obtain A, = op(y/n||0, — 0]|). Condition (4) also implies

Cn, = op(y/nl|6, — 0]]). Now we consider B,,. Note that for any sequence
mp, — 00,

1/2 1/2 1/2
H / i dPén — dP; ) dP;

1/2 ’dPI/Z dP;/nQ’

2
'Denn + dPO,n) / ng,ﬁH dPo,n
7 140, |>mn

W ot

=m,D,+ E,

where E, = op(1) by Condition (4) and the square-integrability of g,
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Estimating equation

Now

D?,s/\

=F, x G,

A ]2 1/2 1/2\2
zémnH dPy., x/(dPén/’n—dPe,/n)

where F, = Op(1) by reapplication of Condition (4) and G, = op(1) by
differentiability in quadratic mean combined with the consistency of 0,.
Thus there exists some sequence m, — oo slowly enough so that

m2G, = op(1). Hence, for this choice of m,, m,D, = op(1). Thus

B, = op (ﬁ 0, — GH) and we obtain (5). The desired result now
follows.

Yangjianchen Xu (Department of BiostatisticEfficient inference for finite-dimensional paran 11/04/2021



