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Regression Modeling

@ In many applications, it is interesting to study the associations between
the failure time and the covariates/risk factors.
» Does smoking increase the risk of lung cancer?
> Are COVID-19 vaccines effective against infection/hospitalization/death?
> Do people with type 2 diabetes have higher risk of Alzheimer's disease?

@ This kind of questions can be formulated through regression models,
where the covariates are denoted by a p-dimensional vector
X = (x1,%,...,X,) ", with each element representing a covariate.

@ For example, x; = age, xo = gender, x3 = smoking status, etc.
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Regression Models for Survival Data

@ In survival analysis, the most common regression models take the form

At X) = Xo(t) exp{BTX} (1)

> \(t; X): covariate-specific hazard function
> Xo(t): unknown baseline hazard function
» [: p-dimensional unknown regression parameters

@ Special cases of parametric models:

> If Ao(t) = A, model (1) becomes exponential regression model.

> If XAo(t) = Ar(At)""!, model (1) becomes Weibull regression model.

@ In this chapter, we do NOT make any parametric assumptions on Ag(t).
Then model (1) is the Cox proportional hazards (PH) model.
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Proportional Hazards

@ For two subjects with covariates X; and X5, their hazard ratio over time is

. _AEX)  Mo(t)exp{BTX1}
HR(t'XhX?) = )\(t; X;) - )\z(t) exp{ﬁTXz} - exp{ﬂT(Xl - XZ)}a

which is constant over t. This property is called proportional hazards.

o For the jth covariate, e is hazard ratio and B; is log hazard ratio.

@ Generalizations of Cox PH model:

» Time-dependent covariates X(t): blood pressure, air pollution, vaccination
status, number of tumor relapse

> Time-varying coefficient 3(t): useful for evaluating long-term treatment
effects (e.g., COVID-19 vaccine efficacy)

> Stratification Ags(t): stratum s is determined by some covariates such as
age, gender, and treatment arm

The proportional hazards property no longer holds.
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Cox PH Model Versus Logistic Model

@ The Cox PH model is closely related to the logistic regression model. To
see this, we discretize the continuous failure time T by defining

T = S| if 5<T< Si+1,
where {s;: 1 =0,1,2,...} is an arbitrary partition of [0, c0).

@ For the discrete variable T*, its conditional hazard function given the
covariates X is given by

)\*(S/;X) = PF(T* =5 | T* 2 S/,X)

:l—exp{—/ )\(u;X)du}

@ Conditional on T* > s;, we specify a logistic regression model for the
binary outcome I(T* = g)):

A*(s1; X)

| 7
&1 A (s X)

=o+BTX, forl=0,1,2,...
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Cox PH Model Versus Logistic Model

@ Define A\g(t) = A(t; X = 0). It can be easily observed that

)\*(S/;X) _ )\*(S/;X = 0) BTX
1-=XM(spX) 1—=X(s;X=0)

1 —exp {f f;’“ AMu; X)du} _ 1—exp {f fssl'“ )\o(u)du} T
exp {_ JE A X)du} exp {_ e )\O(u)du}

@ Since the above proportionality holds for any partition, it implies that

=

1—exp { rrat Ay, X)du} exp {— rrat Ay, X)du} 47X
= e

—Jt t

1 —exp{—ftt+At )\o(u)du} exp{—ftt+At )\o(u)du}
o Letting At | 0 and applying L'Hoépital’s rule to the left-hand side yields

)\)(\t;(g) =X o At X) = )\o(t)eﬁTX (Cox PH model)
0
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Estimation for Cox Model

@ Cox model is a semiparametric model in that it contains both
finite-dimensional parameter 8 and infinite-dimensional parameter Ao(t).

@ The primary interest usually lies in the estimation of 3, such that A\g(t) is
regarded as nuisance parameter and ideally should be eliminated from the
estimation procedure.

@ In some cases, however, the estimation of A\o(t) is also useful. For
example, to predict a patient's survival outcome, both 5 and Ag(t) need
to be estimated.
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Marginal and Conditional Likelihood

@ General notation:

» Z: vector of observations with density fz(z; 0)
> 0: vector of parameters, § = (3, \)

> [3: parameter of interest (finite-dimensional)
> )\: nuisance parameter (infinite-dimensional)

o If Z=(VT,WT)T, the likelihood for § can be written as

fz(z,;0) = fwv(w|v;0) x  fy(v;0) (2)

conditional likelihood ~ marginal likelihood

@ Even in complex models, one of the conditional and marginal likelihoods
above may not involve A, and can be used directly for inference on .

@ The gain in avoiding the estimation of A may compensate for any loss in
efficiency by using only part of the likelihood in (2).
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Partial Likelihood: A Generalization

@ Now suppose that Z can be transformed into a sequence of pairs
(Vi, Wh, Vo, Wa, ... Vik, Wi). The likelihood for 6 can be written as

2(z;0) = fvy Wy Vo, Wa... Vi Wi (Vi, Wi, Vo, W, .., Ve, Wi B)
K
= H{fWk|V1,W1,.H,Vk_1,Wk_1,Vk(Wk‘V17W1,~--;Vk717Wk71>Vk;9)
k=1
X Ay Vi W Vi s Wit (Vi VI, WL, - ooy Vi1, Wa—t; 9)}
K K
= {H fwuok(Wquk:ﬁ’)} X {H ka|Pk(Vk|Pk:9)} :
k=1 k=1

partial likelihood: free of A

(3)
where P = (), @i = V4, and for k=2,... K,
Pk = (Vl, Wl, ey Vk—la Wk—l) and Qk = (Vl, Wl, ey Vk—la Wk—l; Vk)

e Cox (1975)! suggests using partial likelihood for inference on 3.

LCox, D. R. (1975). Partial likelihood. Biometrika, 62(2), 269-276.
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Partial Likelihood for Cox PH Model

e Original data: (Y;,0;,X;) (i=1,...,n)
> Assume no ties among observed failure times

> Independent censoring assumption: T; 1L G | X;

@ Transformed data:

>t < --- <t < --- < ty: observed failure times
(1),...,(k),...,(K): labels for failing subjects (T(x = t«)
> Xy, .-+, Xy, - - -, X(k): covariates for failing subjects

v

» Data from my subjects censored within [tx, tkt1) (k =0, ..., K):
* tx1,. .., tkm,: observed censoring times
* (k,1),...,(k, mg): labels for censored subjects
* X(k,1)s- - - » X(k,my): covariates for censored subjects
X(k,l) e X(k,mk)
[ thkr o tiemy )
| X X0 O X X |
0=t ty tk tir1 tx tgyy = @
Xy Xy Xes1) Xao
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Partial Likelihood for Cox PH Model (Cont.)

e Conditional on the covariates {X; : i =1,...,n}, we construct
(Vi, WA, ..., Vi, Wk) as follows: for k =1,..., K,

Vi = [tk, {tic (k=1,1): 1= 1-~-,mk—1}}

= one failure at tx + times and labels of all censorings in [tx_1, ),

Wi = {(k)}

= label for the failing subject at tx.
@ Thus,

P = (Vi,Wr,..., Vi_1, Wie_1)
= times and labels of all censorings in [0, tx_1)
+ times and labels of all failures in [0, tx_1],
Qu = (Vi,Wr,..., Vi1, Wi—q, Vi)
=P+ Vi

= failure and censoring history up to t,_ 4 one failure at t.
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Partial Likelihood for Cox PH Model (Cont.)

@ By the definition of partial likelihood in (3), we only need to derive the
conditional distribution of Wi given Q.

o Define Ry = {i: Y; > tx} to be the risk set at t;. Then
Pr{Wi = (k) | Q«}
= Pr{subject (k) fails at tx | Ry, one failure at t;}
PF{T(k) S [tk: tx + dt) | T(k) > tk}HjERk\{(k)} PI’{TJ' ¢ [tk, ti + dt) | TJ > tk}

Z‘.Enk [Pr{T,- € [tk  tx +dt) | T; > tk}HjeRk\{i} Pr{T; & [tx, tx + dt) | T} > t&}

A{tk; X(k)}dt HjERk\{(k)}{l — )\(l’k; )(j)dt}

Ziem [)\(tk; X;)dt HjeRk\{i}{l — Mty; Xj)dt}]
Mti; X}

h ZiERk Alt; Xi)

_ep{BT Xk}

T S, oPTX)
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Partial Likelihood for Cox PH Model (Cont.)

@ Thus, the partial likelihood for the Cox PH model is given by

L(B) = J]Pr{Wi = (k) | Qu}

_ exp{8T Xk}
o1 ZieRk exp(ﬁTX,')

o If we further assume noninformative censoring, that is,

Pr{subjects censored in [t,t + dt) | risk set at t, subjects failing at t}

does not depend on 3, then the second term Hszl v 1P (Vi|px; 0) in (3)
contains little or no information about f.

@ Therefore, loss in efficiency arising from the use of partial likelihood for
inference on [ is negligible.
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Partial Likelihood = Marginal Likelihood
@ Interestingly, partial likelihood can also be derived as a marginal likelihood

for the ranks of {T;: i=1,...,n}.

o We first consider the simple setting without censoring. The marginal
likelihood of the ranks is given by

e’} 00 oo N
PI’{ T(l) < T(2) << T(,,)} = / / / H f{t,-; X(,-)}dtn - dty.
0 t1

t—1 j=1

o Let Ag(t) = fot Xo(s)ds be the cumulative baseline hazard function. First,

/ f{t,,;X(,.,)}dt,,
th—1

n—

= S{tn—1; X(m} = exp [~No(tr-1) exp{,BTX(,,)}]

[ eamtn] ol e owtm )

18/50



Partial Likelihood = Marginal Likelihood (Cont.)

o Next,
> X X
tn— j=n
Ce{8TXnr 1 [T , B Ty
I g } y "]
H exp 7/\0(fn72) Z EXP{B X(j)} .
i>n— 12 eXp{BTX“ izn-1
@ Recursive calculation yields
exp{8T X}

n
PiTy < T <:--< T}t =
T < Te ol =1l oty

which is equal to the partial likelihood in (4) for uncensored data.
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Partial Likelihood = Marginal Likelihood (Cont.)

@ When there are censored subjects, the marginal likelihood is the sum of
Pr{T() <:-- < T(n} overall ranks of {T;: i=1,...,n} that are
consistent with the observed data.

e For example, suppose (Y1, Y2, Y3, Ya) = (28,15,17,6) and
(61,02,83,84) = (0,0,1,1). Then all possible ranks are (4,2,3,1),
(4,3,1,2), and (4,3,2,1).

@ Using the original labels (1),...,(K) for failing subjects and
(k,1),...,(k, mg) for censored subjects in [tx, txt+1), the marginal
likelihood can be written as

Pr T(1)<"'< T(K)7 {T(k’/)> T(k)i k=1,...,K; /:1,...,mk}}.
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Partial Likelihood = Marginal Likelihood (Cont.)

@ Conditional on T(k) = ty, the likelihood contribution from the my
censored subjects is

(0 = [T Pr(Toen > t) = esp | ~Ao(t) D expl57 )]

=1 I=1

@ Thus, the marginal likelihood reduces to

o0 o0 o0 K
/ / H f{tr; X tg(te)dtx - - - dty
0 ty

tk—1 k=1

_ s exp{8T X}
o Yier, xP{BTXi}

which is exactly the partial likelihood in (4).

@ The equivalence of the partial and marginal likelihoods suggests that
inferences based on partial likelihood are efficient.
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Partial Likelihood for Tied Data

@ Although failure time is a continuous random variable, ties in observed
failure times are still possible in practice (e.g., when failure times are
measured in integer days).

@ Notation for tied data:
>t < --- <t <--- < tk: distinct observed failure times
> Rie={i: Yi> ti}: risk set at tx
> D ={i: Yi=tk,0;i = 1}: set of all subjects failing at tx

> di = |Dk|: number of subjects failing at tx

@ We can follow a similar procedure to derive the partial likelihood for tied
data. The conditional probability of W given Qx now becomes

Pr{Wi = Dy | Qx} = Pr{subjects in Dy fail at tx | R, dk failures at tx}.
(5)
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Partial Likelihood for Tied Data (Cont.)

@ Recall that Cox PH model can be approximated by logistic model:

A(t; X)dt

| R S
1\t X)dt

=a(t)+ 67X

exp(ax + BTX)

= Pr{subject fails at t; | at risk at tx, X} = 1+ exp(ak + BTX)
K

@ Under the logistic model, the conditional probability in (5) is given by

H exp(ax+8TX) H 1
i€Dk 1+exp(ak+B8TX;) IER\Dk 1+exp(ax+8TX;)

exp(ax+BTX;) 1
ZDGC(RMM HiED 1+e><p(kak+,@TXr) H"ERk\D T+exp(ax+BTXi)
_ exp(BTSDk)
Y pec(ry.d) P(BTSD)

where C(R, di) is the collection of all sets of dj failing subjects chosen
from Rk, and SD = ZieD X,'.
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Partial Likelihood for Tied Data (Cont.)

@ The partial likelihood for tied data then follows:

K
eXP(ﬁTSDk)

L =

) k[[l > pec(Ryd) P87 SD)

@ The computation of the above partial likelihood can be very intensive
since the denominator requires enumeration of all possible failing set.

@ Some approximation methods have been proposed to simplify the
computation, including the Breslow and Efron approximations.
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Breslow and Efron Approximations

@ Breslow approximation? is the easiest method for handling ties. It
suggests the partial likelihood

T P A
) k[[l {Xier, eXP(ﬁTXi)}dk

where S, = ZieDk X;.

o Alternatively, Efron approximation® suggests the partial likelihood

BSk)
L(5) = tp S
11:[1 Hfdil {ZjeRk exp(BTX;) — % €Dy eXP(ﬁTXj)}

2 Breslow, N. (1974). Covariance analysis of censored survival data. Biometrics, 89-99.

3 Efron, B. (1977). The efficiency of Cox's likelihood function for censored data. Journal of the American Statistical Association, 72(359),

557-565.
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Breslow and Efron Approximations (Cont.)

@ When there are a large number of ties, Efron approximation is more
accurate than Breslow approximation.

@ When the number of ties is small, there is typically little difference
between the two approaches.

@ Many software implement the Breslow approach for its simplicity, but the
“survival” package uses Efron approximation as the default.

@ For simplicity, the remaining sections will be based on Breslow’s likelihood.
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Maximum Partial Likelihood Estimation

Breslow’s partial likelihood:

K

5
_ exp(57 k) T exp(8TX;) '
b= g (Sier, ep(BTX) - ,1;[1 { Y RJ'(Y")eXp(BT)g)} 7

where R;(t) = I(Y; > t) is the at-risk indicator at time t for the jth subject.

Log partial likelihood:

Za

5T log{ij(v,-)eﬁTxf}]

Jj=1

Maximum partial likelihood estimator:

N

B = argmax £,(f)
B
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Newton-Raphson Algorithm

Score function:

T .
B Zf:l Rj(Yi)e'@ XJXJ
S Ri(Yi)e?™

Un(B) = 0a(B) = D _ i

i=1

Xi

Information matrix:

w182

n N Ry eBTX X ©2 " RI(Y:)eP XX

1) = ) = Sty | Sl B SR (e 1}2
2 =1 Ri(Yi)e?™ {ZJ’.’:IRJ-(Y,-)eﬁT)@}

i=1

Updating formula:

B(new) _ B(old) + [I,,{B“'d)}]*l U,,{B(°'d)}
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Large-Sample Theory for B

Theorem (Consistency and limiting distribution)

Under certain regularity conditions, the following are true:

(i) B 5 B.

(i) V(B = B) > N(0,£71), where & = limy_y00 1~ 1Tn(R3).

(iii) n~Y2U,(8) & N(O, X).

Regularity conditions:

(i) Subjects are i.i.d.

(ii) Xi(-) are bounded.

(i) [y Xo(t)dt < oo, where 7 = sup]_; Y;.
(iv) For any t € [0,7], Pr{Ri(t) =1} > 0.
(v) X is positive definite.
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Hypothesis Testing for 3

® Ho:p=p"
e Wald test:
Wy = (B = B")TZo(B)(B ~ B7) 5 x5 under Ho
@ Score test:
SCo = Un(B"){Zo(B")} " Un(B") % x5 under Ho
o Likelihood ratio test:

LRy = 2{la(B) = £a(5")} S X2 under Hy
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Test A Subset of Parameters

@ Partition of parameters and statistics:

b1 3 By Ur
fr— B fr— " B Un fr— 3

y <52 b B2 Uz

(T TIi (TR 12
In — (121 1'22) ) In - (IZI 1'22 )

where 7 = (Ill — 1-121-2_21121)_1.

@ Hy : f1 = B, where B; is a g-dimensional subvector of 5.

o Wald test:

W, = (B — BB (A - B5) & X5 under Ho
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Test A Subset of Parameters (Cont.)

@ Score test:
SCy = Ur(B1, B2) AT M85, o) Y Un(B1, B2) % X2 under Hy,
where (3, = arg maxg, £,(537, B2) is the restricted MLE under (; = 3.

[Hint: U1(B, F2) = UL(B5, B2) — T12(B7. B2) (B2 — B2) + o(1)
= U1(B7, B2) — Tna(B7, B ){To2(B7, 52)} M Ua(B1, B2) + o(1)]

@ Likelihood ratio test:

LRy = 2{0n(B) — £a(B7, B2)} & X2 under H
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Test on Linear Combination of Parameters

@ Hy: CB = Cp* where Cis a g x p matrix of full rank g (g < p).

o Wald test:

W, = (CB— CB*)T[C{Z.(B)} 1 CT] 1 (CB— CB*) S X2 under Ho

@ In clinical trials, this kind of tests are useful for comparing effects of
different treatments.

@ For example, suppose that x; and x, are the binary indicators for
treatments 1 and 2, respectively. To test the difference between the two
treatments, we can let C = (1, —1).
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Estimation of A

@ Several methods have been proposed to estimate infinite- dlmen5|ona|
parameters related to Ag. One appealing estimator of Ag(t fo Ao(s)ds
is Breslow estimator:

N I(Y; < )5 it < t)d,
o) =2 X RilY] )eXP 5TX Z Yier, (BT X)

i=1 k=

@ Breslow estimator is a natural generalization of the Nelson-Aalen
estimator for homogeneous samples. When there are no covariates, Ag
reduces to the NA estimator.

@ The rationale behind is that one subject in the risk set failing at rate
)\o(t)eﬁTX" produces the same expected number of failures as BT
subjects, each failing with rate A\o(t).

36/50



Weak Convergence of Ao

Theorem (Limiting distribution of Ao)

Under certain regularity conditions, the stochastic process

G(t) = /n{Ao(t) — No(t)} converges weakly to a mean-zero Gaussian process
whose covariance function can be consistently estimated by

Co{G(s), G()} = { / E(B,u)dﬂo(u)} {zn(é)/n}l{ / E(au)df\o(u))}

where

s (B, 1) n1 Z Ri( ﬂTX’X,.@’ forr=0,1,2;

sW(B, 1)
5.8 = 505,0)
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Estimation of )\

Estimation of Ag(t) can be done by applying the kernel smoothing method to
the Breslow estimator, as we did based on the NA estimator in Chapter 3.
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Estimation of Survival Function

@ The covariate-specific survival function is

S(t; X) = exp {—/\O(t)eBTX} = So(t)exp(ﬁTX)

e We simply plug in 3 and Ag to estimate S(t; X):

5(t: X) = [exp{—Ao(1)}]*™

S(t)
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Model Misspecification

Cox model relies on the following assumptions:
@ Proportional hazards (PH): hazard ratio is constant over time
e Functional forms of covariates: e.g., age or log(age)?
e Link function: ¥(8TX) = 8TX

When at least one of these assumptions does not hold, the model is
misspecified, resulting in loss of power for testing covariate effects and even
biased regression parameter estimates.
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Asymptotic Properties Under Misspecified Models

Let 8* be the limit of the solution to the score equation U,(8) = 0.
(i) Un(B*) ~ N(0,B), where B =37, W%* and

wi— 5, {x = S0ED) LSS GRODewIX) [y SO0GD)
SO(Y;; ) j=1 nSO(Y;; B) SO(Y;; 5)

(i) B~ N(B*, D), where D = T }(3)BZ;(B).

D is called the robust variance estimator,Awhich is always valid. In contrast,
the model-based variance estimator Z,, (3) may not be valid when the model
is misspecified.

To compute robust variance estimator in R, simply specify “robust = TRUE"

in coxph().

42/50



Stratified Cox Model

Setup: G strata, ng subjects in the gth stratum
o T, failure time of the ith subject in the gth stratum
@ (gt censoring time of the jth subject in the gth stratum
® Y, = min(Tg, Cg): observation time of the ith subject in the gth
stratum
@ 04 = I(T4i < Cgj): failure indicator of the ith subject in the gth stratum

@ Xt covariates of the ith subject in the gth stratum

Observed data: (Yg,dg, Xqi), forg=1,...,Gand i=1,...,ng

Independent censoring: T, 1L Cg given X, within each stratum g
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Stratified Cox Model (Cont.)

The stratified Cox model is given by

At Xgr) = dog(t)e” X, forg=1,....G;i=1,...

@ \gg(t): stratum-specific baseline hazard function

@ [3: common regression parameters across all strata

Notation:
o Rgi(t) = I(Yg > t): at-risk indicator
e For r =0,1,2, define

Ng
r T X,i r
SOt 8) =) Rei(t)e” X X3

i=1
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Maximum Partial Likelihood Estimation

g " Xs }‘5
gl_‘[ll 1{ 0) Yg“ﬂ)
G ng

- ZZ%’{ g~ o)( guﬂ)}
g=1 ( 8l )

=1 i=1
(1) . ®2
i SO

g=1i=1 ( Yeii B) {Séo)(Yg;;ﬁ)}2

You can easily verify that when G = 1, the above formulas reduce to those on
Slides 28-29.

The asymptotic properties of U,(5) and B are the same as the unstratified
case (see Slide 30).
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Fit Stratified Cox Model in R

# stratification on variable "vstrata"
coxph(Surv(time, status) ~ covariates + strata(vstrata),
ties = "breslow")
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Accelerated Failure Time Model

@ Another class of semiparametric survival models is the accelerated failure
time model (AFT model), which specifies that the covariate effect is
multiplicative on the time scale:

log T=a+B"X+oW,
where W is an error variable with unspecified density f of standard form.

@ Under the AFT model, the role of the covariates X is to accelerate or
decelerate the failure time T.

@ The survival and hazard functions for T take the form
S(t; X) = exp {—/\o(te—a—ﬂTX)} :
A(t; X) = Xo(te™*# XY exp(—a — BTX),

where \(t) is some unknown baseline hazard function and
No(t) = Jo Mo(u)du.
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Examples of AFT Model

o If W~ N(0,1), then log T ~ N(BTX,0?). Thatis, T follows a
log-normal distribution.

o If W follows the extreme value distribution with density and survival
functions

fw(w) =exp(w—¢e"), Sw(w)=exp(—e"),
then T has a Weibull distribution with survival function
Sr(t) = exp (—0t%),

where 6 = exp [— (v + x'B) /o] and a = 1/o. This is a parametric version
of the class of proportional hazards models.
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Examples of AFT Model (Cont.)

o If W follows the standard logistic distribution with density function

eW

f(w) = m,

then T follows a log-logistic distribution with survival function
Sr(t) =[1+6t],

where 6 = exp [— (o + x'B) /o] and a = 1/o. This is a parametric version
of the class of proportional odds models.
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